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We can obtain one solution of the Hamiltonian constraint equation in the local sense. The form of 
the state is suggested from the up-to-down method in our previous work. The up-to-down method 
works for different way in treating the general metrics. In the mini-superspace approach there 
appears additional constraint in the 4-dimensional quantum gravity Hilbert space. However, in the 
general treatment of the metrics this method works as only solving technique. 
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O ' I. INTRODUCTION 

o : 

There are many treatment of the quantum gravity, e.g. string theories [Ij and mini-superspace approach |2|] or 
loop gravity 0,0,0, E|. The theory of the quantum gravity has not yet been constructed. The theory of canonical 
quantum gravity is based on ADM decomposition. Form the ADM decomposition p] ; we obtain constraint equations 
i.e. Hamiltonian and difTeomorphism constraint equations. To solve these constraint equations is the orthodox way 
y—i ' of the canonical quantum gravity. The Hamiltonian constraint is the generator of the time translation and the 
diffeomorphism constraint are the generator of space translations @ . The theory of quantum gravity contains many 
unsolved problems which contains problem of the time and problem of the norm. However, most important problem 
is the difficulty of the constraint equations, i.e. Wheeler-DeWitt equation 

Our motivation is simple and that is to find at least one local solution of the Wheeler-DeWitt equation. Our 
work is not motivated from the higher dimensional gravity. Although the Wheeler-DeWitt equation is difficult to 
■ solve, because it is the second order functional differential equation with diffeomorphism constraints, we had created 
a method to solve it that we call the up-to-down method [lj} ■ The introduced method contains many problems which 
is peculiar to the quantum gravity. And some long standing problems e.g. the problems of the norm or the problem 
of the time has not solved yet. In this paper we show one of the special local solutions of quantum gravity state 
for general spacetime metrics on the basis of the up-to-down method. The obtained state is a solution which satisfy 
Q Hamiltonian constraint. The main progress of the up-to-down method is the fact that we can find at least one local 
5^ \ solution of the Hamiltonian constraint equation. 

bS)- In this paper, we reconstruct a technical method to solve the Wheeler-DeWitt equation, which we call up-to-down 
method. The up-to-down method consists of the following steps. First we add another dimension as an external 
time to the usual 4-dimensional metric and create an artificial functional space which has support of the spacetime 
metrics, and then we reduce this quantum state to the physical 4-dimensional state, we can simply solve the usual 
3+1 Wheeler-DeWitt equation. The same method, however does not work for Klein-Gordon systems. The work of 
this method is different from the mini-superspace models, if we treat the Wheeler-DeWitt in the general sense. If we 
treat the mini-superspace models, the additional constraint appears. The simplification comes from the embedding of 
the 4-dimensional metric in the arbitrary 5-dimensional metric. The ideas of the up-to-down method come from the 
work of dynamical horizon |lllll2| and the problem of the time. The problem of the time is inversely used such that 
if we add an additional dimension and treat it external time, then this dimension or all the components of additional 
dimension must be vanish. Although we use the up-to-down method as a derivation, the obtained state does not 
depend on the derivation. 

In section ^ we introduces the local quantum gravity and reconstruct the up-to-down method which is solving 
technique of the Wheeler-DeWitt equation. In section ITTT1 we derive one local solution of the Hamiltonian constraint 
equation without fixing spacetime metrics. In section II VI we summarize the obtained result and comment on the 
problems of the quantum gravity. 
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II. LOCAL QUANTUM GRAVITY AND UP-TO-DOWN METHOD 

The local quantum gravity introduced in this section is considered to simply treat the Wheeler-DeWitt equation. 
The method of the local quantum gravity starts from decomposition of the Einstein-Hilbert action as, 

S = J RdM = E / Ri\9$]dSi. (1) 

Here Si is the subset of the hypersurface of £ with constant time. And Si is defined such that metric become diagonal 
by the local coordinate transformation. The Local quantum gravity starts from decomposition of Ri as usual 3+1 
sense. Then we obtained the Hamiltonian constraint and diffcomorphis constraint only in terms of the diagonal metric 
components. Although the local quantum gravity only uses diagonal components of the metrics, boundary condition 
appears and this condition is still not well defined. 

We introduce what we call the up-to-down method in self-contained way and in more strict way more than the 
previous paper. Some mistaken arc corrected in this section. We should say some sentence is same as the previous 
paper. 

We start by introducing an additional dimension which is an external euclidean time with positive signature, and 
thus create an artificial functional space corresponding to this external time. We write such external dimension as s. 

We dare to start with artificial 5-dimensional action whose metric is created from the usual 4-dimcnsional metric 
components and arbitrary additional dimensional components as, 

^RdMds. (2) 

Mxs 

Where ^R is the 5-dimensional Ricci scalar. Although we stat from higher dimensional action, we do not motivated 
from higher dimensional gravity. Rewriting the action by a 4+1 slicing of the 5-dimcnsional spacetime with lapse 
functionals given by the s direction, we obtain the 4+1 Hamiltonian constraint and the diffeomorphism constraints 

as, 

H S = R-K 2 + K ab k ab (3) 
H v = \7 b (K ab -Kg ab ), (4) 

where a hat means 4-dimcnsional, e.g. the Kab is extrinsic curvature defined by Sb and K is its trace, while R is 
the 4-dimensional Ricci scalar, and V a is the 4-dimensional covariant derivative. 

Definition. The artificial functional state is defined by Hs\^ 5 (g)) = H v \^ 5 (g)) = 0, where g is the 4- 
dimenstional spacetime metrics with (fi = 0, • • • ,3). We write this functional space as H5. 

Here, the definition of the canonical momentum P is different from the usual one. Note in fact that the above state 
in is not the usual 5-dimcnsional quantum gravity state, because the 4+1 slicing is along the s direction. It is 
not defined by dC/(ddg/dt) but by dC/(ddg/ds), where C is the 5-dimensional Lagrangian. Although whether this 
state is the Hilbert space or I 2 norm space is open question and this problem does not matter below, because what 
we would like to treat is the physical 4-dimcnsional quantum gravity state. 

In addition, we impose that 4-dimcnsional quantum gravity must be recovered from the above 5-dimcnsional action. 
The 3+1 Hamiltonian constraint and diffeomorphism constraint are, 

H s = K + K 2 - K ab K ab (5) 
H v = D b (K ab - Kq ab ). (6) 

Here K ab is the usual extrinsic curvature defined by D a t b and K is its trace, while 1Z is the 3-dimensional Ricci 
scalar, and D a is the 3-dimensional covariant derivative. Then we can define a subset of the auxiliary Hilbert space 
on which the wave functional satisfies the usual 4-dimensional constraints. In order to relate the 4 and 5 dimensional 
spaces we should define projections. 

Definition. The subset of H5 in which the five dimensional quantum state satisfies the extra constraints 
H s P\^ 5 (g)) = H v P\^ 5 (g)) = is called H 5 u m , where P is the projection defined by 

P:H 5 ^Ll {P\V 5 (g)) = I* 5 (SCV = const))}, (7) 
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where L\ is a functional space. And H4 is the usual four dimensional state with the restriction that Hs\^ 4 (q)) = 
Hy\ 1 i' 4 (q)) = 0. Here q stands for the 3-dimensional metric qij(i = 1, • • • ,3), and is defined by 

-P t : Hblim — ► W4. (8) 

The above definition contains some extra definition such as L\,TL^,u m . These functional spaces never appear in the 
following discussion and whether these space is norm space is open question and does not matter. We concern that 
some confusion occur by these symbols. However, H4 should be Hilbert space and there are problems of the norm. 
This problem can not have been solved yet, even if we use the up-to-down method. 

From now on we consider the recovery of the 4-dimensional vacuum quantum gravity from the 5-dimensional 
functional. We assume that the constraint, 

R\^(g)) = (9) 

holes. Here R is the operator, corresponding to the usual 4-dimensional Ricci scalar. We use this constraint for the 
recovery of 4-dimensional quantum gravity in the sense of Dirac. And as we know in the previous paper physical 
meaning of this constraint is static restriction. Then artificial 5-dimensional Hamiltonian constraint becomes as 

Hs = -K 2 + K ab k ab := mH s (10) 

We call this simplified 4+1 Hamiltonian constraint as modified Hamiltonian constraint. The simplification comes 
from the recovery of 4-dimensional quantum gravity i.e. R\^ 5 (g)} = 0. Finally, the simplified Hamiltonian constraint 
in terms of the canonical representation becomes 

mHs = {-gab9cd + 9ac9bd)P ab P cd - (11) 

The magic constant factor —1 for the term g a bg c d is a consequence of the choice of the dimensions for W5, W4. In the 
derivation of above formula we use the fact that the dimension of our universe is 4 with signature (— , +, +, +). Here 
P ab is the canonical momentum of the 4-dimensional metric g a b, that is P ab = K ab — g ab K. And as we mentioned 
above, this canonical momentum is defined by the external time and not by the usual time. 
We now give a more detailed definition of the auxiliary 5-dimensional Hilbert space as follows: 

Definition. The subset ^5(4) C TC5 is defined by the constraints, R\^ 5 (g)) = 0, and we write its elements as 
I \I/ 5 ( 4 ) (<?)). We also define a projection P* as 

P* : W 5(4 ) - W 4( 5) {P*|* 5(4) (ff)> - |* 5(4 W = const)) =: \^ 5 \q))}, (12) 

where 7^4(5) is a subset of TL4. There are reason why we choose such projection P* . Although there are the problem 
of measure, this definition of the projection does not produce any additional constraint in H.4 for the solution 
of \^ 5( ~ 4 \g)) . So the modified Hamiltonian constraint and the 4+1 diffeomorphism constraint does not become 
additional constraint if they are projected by P* . 

Definition. In ^4(5) there is a subset whose state satisfy Hs]^ 4 ^^)) = Hv | 1 3/ 4 ^ 5 - > (g)} 
Hilbert space as TLn^phys and its elements as \^phy S (q))- If there are relations P*\^ 5 ^ 4 \g)) 
such \^ 5 ^ 4 \g)) as \^p\iy S (g)) and we write such Hilbert space as H-s^phys- 

We can summarize the procedure to solve the usual Wheeler-DeWitt equation. 

1) Solve mH s P*\^ 4 (g)) = and obtain |* 4 < 5 )( 3 )). 

2) Solve Hs\^ 5 Kq)) = H^ 4 W(q)) = to obtain |**g a (g)). 



= 0. We write such 

= 1 *£(«)>. wc writc 



We carry on step 1). At first we choose coordinate such that metric become diagonal because we treat local quantum 
gravity. Then modified Hamiltonian constraint at this limit becomes as, 

mH s P* = qaQjjj—j— = 0. (13) 

a^b ° qU ° q " 

We can easily find the solution of this equation and one of the states is, 

l* 4(5) (<z)> - A [511] + /2L922] + M933]. (14) 

Here fi[gu] for i = 0, • • • 3 are functional of gu. Moreover, if we use a 3+1 diffeomorphism constraints, we can know 
that the f are only the function of gu at this point. However, we do not use this fact now. 
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FIG. 1: The relations between the functional spaces and the physical 4-dimensional Hilbert space. The Hilbert space Ti-n^phya 
is always subset of the physical Hilbert space TLa. The P and P* are same operation. However, projected space is different. 
The inverse projection P* can be defined by one-to-many way. Although it is mathematically not well-defined, if we can find 
at least one enlargement, this method is correct. 



III. ONE SOLUTION OF THE HAMILTONIAN CONSTRAINT 



In this section we solve the local Hamiltonian constraint equation without fixing spacetime metrics, i.e. without 
treating mini-superspace models. Although this section motivated by the up-to-down method, what we derive in this 
section independently holeds. We use the fact that the metric becomes diagonal in the local coordinate. We start 
with assumption as, 

\v 4 (q)) = Abu] + / 2 [?2 2 ] + /stes] (15) 

with 



Qa,kfj[qjj) = SijQii,kfj[qjj] for j^i. 



(16) 



The parameter separated solution is the superposition of three local solutions. The assumption (16) means that the 
eigenvalue of the qjj of the state fi[qu] for j : ^ i is constant. The local Hamiltonian constraint equation can be written 
as, 



£5 



1 S 2 



^2(<f>i,jj + 4>jA(f>t,i)e 4 ' 1 = 0, 



(17) 



where qu — e^* . The consistency of the additional constraint and the Hamiltonian constraint is clear from the next 
commutation relation. 



k^l 



'>kO<Pl 



Ez^-E'VO,^ (18) 



, ~n°<pi ... 



If the term <^j )i ii e < ^ vanish, we can carry on simultaneous quantization. And this relation is same as the equation 
(16), so the assumption (16) is consistent. If we insert the equation (15), we obtain the following differential equation 



Mb] + E fcdi^fitti] = for i = 1, 2, 3. (19) 

Other components are dropped out because of the assumption (16). The important point is the fact that the above 
equation is algebraically closed for Because we ignore the operator ordering, we can rewrite the above equation 
as, 

—j + 4<m- In* = -=-* + 2i(d j dj \ndi) 1/2 - 2i{d 3 d, \nd l ) 1/2 — + 4&dj Indj 

<5a^ <5a? v J 5a,i 6a t 

= -£j + 2i(d j di lna t ) 1/2 ^- - 2i-^-(d j d j lna,) 1/2 + 4<9% In a, 
oaf oai 5cLi 

^-+2i(d j d i ]xidi) 1/2 ]( -^--2i(d j d j hxa i ) 1/2 ]. (20) 
bai J \oa l J 

1/2 

Here, a, = . We can find the solution of the above second order ordinal functional differential equation as, 

fi[gn\ = E u exp(2i J (dtd j \n.a i )V 3 Sa i )+E M exp(-2i J i&dj Ina^Sai). (21) 
Here En and En are constants. Then we can obtained the local Hamiltonian constraint as, 

|* 4 (?)> = Y,E iC os(2 f {ffdjhLOif'Hai). (22) 

We can say local solution of the Hamiltonian constraint is the cosine wave. And above equation is the main progress 
of our work. 

IV. CONCLUSION AND DISCUSSIONS 

We can find at least one local solution of the Hamiltonian constraint. Before the up-to-down method we do not 
know any solution of this equation. The peculiar problem in the quantum gravity is still unsolved. Even if we use 
this method we can still not solve the problem of the norm and problem of the time [l^. Il7| . We should find all state 
to solve the problem of norm. Otherwise we obtained one solution it may create other solutions. We hope such kinds 
of work succeed. 

Because our work succeeded the quantization of the inhomogeneous spacetime, we can enter this state symmetry 
for example spherical symmetry. Then we may obtain the state of the black holes |18|. Or we can enter symmetry 
of the homogeneous and isotropy, as loop gravity [19j. Simple analysis is carried out by inserting symmetry in qa 
such that <7n = 922 = 933 = a, where the a is the function of only the time t. Then we can obtain a simple cosine 
wave. Such cosine wave does not occur if the cosmological constant is zero. We can not find such wave from the 
mini-superspace approach. 

In this method we have a problem of the matter; how we enter the matter or cosmological constant in the up-to-down 
method is open problem. And this is the future work of ours. 
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